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An exact solution of the boundary-contact problem of the diffraction of a plane wave at the junction of two elastic plates set at
an arbitrary angle is constructed by Malyuzhinets’ method. © 1997 Elsevier Science Ltd. All rights reserved.

Problems of the diffraction of sound by elastic semi-infinite plates and their joints, situated in an acoustic
medium, have been considered for a long time in mechanics and acoustics, beginning with the work of
Malyuzhinets [1-3] and Lamb [4], in which an exact solution of the problem of the diffraction of a plane
sound wave by a thin elastic half-plane were obtained for the first time. The problem was investigated
in detail in [5-8] in the case of rectangular geometry (two plates unfolded into a plane or joined at a
right angle, a T-shaped junction, a rectangular volume, and so on), when the Wiener—-Hopf method
can be used. If the angle between the plates is not a multiple of a right angle it is not possible to obtain
a solution by the Wiener-Hopf method and it is necessary to invoke a different mathematical technique,
namely, the Malyuzhinets method, developed to solve problems of the diffraction and radiation of sound
in angular regions of arbitrary aperture angle [9, 10]. For an angular region, the boundaries of which
are absolutely rigid and slippery and covered with thin elastic plates performing only longitudinal
vibrations, an exact solution of the problem of plane sound wave diffraction was obtained by Tuzhilin
[11].

Below, using the general theory developed for angular regions of arbitrary aperture and for boundary
conditions containing derivatives of arbitrary order [12-14], we present an exact solution of the problem
of the diffraction of a plane harmonic sound wave at the angular joint of thin elastic plates which are
in unilateral contact with acoustic medium and are described using fifth-order differential operators
(Kirchhoff plates). Section 1 is devoted to a correct formulation of the problem, which should provide
a unique solution satisfying the reciprocity principle. In Section 2, using the Malyuzhinets—Tuzhilin
technique, the diffraction problem is reduced to a system of functional difference equations in
Sommerfeld integral transformants, representing the sound pressure inside the acoustic medium filling
the angular region. In Section 3 a general solution of the problem is obtained which contains eight
undetermined constants and which satisfies the Helmholtz equation, the boundary conditions on the
plates and also the conditions on the edge (the latter is understood to mean the conditions for there
to be no fictitious sound sources on the edges). These constants are found from the conditions for no
“parasitic” waves to exist, which would disturb the conditions at infinity (Section 4), and from the contact
conditions which specify the kinematic and dynamic modes in the region where the plates are joined
(Section 5). The uniqueness of the solution of the problem formulated in Section 1 and its corresponding
reciprocity principle are discussed in the Appendix.

1. FORMULATION OF THE PROBLEM

Consider two thin semi-infinite plates fastened along their edges so that in a cylindrical system of
coordinates (r, ¢, z) in which the z axis lies along the joint line, the external sides of the plates coincide
with the surfaces ¢ = +® (Fig. 1). The plates are assumed to be homogeneous, have densities p.. and
thicknesses 4., and, generally speaking, do not coincide with one another (here and henceforth quantities
with plus and minus subscripts relate to the upper or lower plate, respectively). The sector | ¢ | < @ is
filled with an acoustic medium of density p and velocity of sound c; outside the plates there is a vacuum.
A plane harmonic sound wave
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p=-@
Fig. 1.

Po(r,9) = Fyexp(—ikrcos(9—@y)), k= 1.1

is incident from infinity on the angular joint of the plates normal to the common edge and at an angle
¢y to the plane @ = 0, where p, is the amplitude and  is the angular frequency; the time dependence
is taken in the form exp(—icx¢). The problem consists of determining the field of the total sound pressure
p(r, 9) everywhere inside the acoustic medium.

From a mathematical point of view the problem reduces to constructing a solution of the two-
dimensional Helmholtz equation

2 19 1 9 2
;2—+7 5-"7 WH«: p(r,9)=0 (1.2)

inside the plane angular sector | ¢ | < ®, 0 < r < +o, with the boundary conditions

d 1 0
Li(g, 7 -a-(-';)p(r,cp)—o, p=1d (1.3)
in which
3 1 9 3* 19 w? YV o
L=, - —|=7 -t |~ = = L -2
*(ar’ ; aq»] [ar‘* "*)r ag [p*"*oi)’ ==, @9

where x. are the wave numbers of flexural oscillations of the plates in a vacuum, and D, are the
stiffnesses of the plates for bending. At the points where the plates are joined r = 0, the function
p(r, ) must remain bounded and continuous with respect to the angle ¢, and its first derivatives have
only integrable singularities

liml p(r,@)l=const < +eo,  limlrgrad p(r,9)i=0 (1.5)
r—0 r—0

Conditions (1.5), which will be called the conditions on the edge, arise from the requirement that
there should be no fictitious sound sources on lines of geometrical and material singularities of the
boundaries [15].

The conditions at infinity in problems of the diffraction of plane waves in angular regions can be
formulated as the requirement for the difference between the total field p(r, ¢) and the geometrical-
acoustics field p,(r, ¢) to decrease if there is some absorption, at least as small as desired, in the medium
[10}, i.e.

lim 1p(r,@)- p (r,@))=0, Vo, Imk>0 (1.6)
r—y+oo

The field pg(r, ¢) in general may consist of an incident wave and its reflections from the boundaries of
the region; it is constructed using the laws of geometrical acoustics and can be assumed to be known [16].

The kinematic and dynamic modes in the region where the thin plates are joined are described using
the contact conditions [6]

K;p+K,p=0, n=1234 1.7)
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Kip=1 b4 P + *
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where H},,(3/0r) are polynomials and m = 1, 2. Conditions (1.7) contain the normal components of
the displacement vectors

E+(n=F% ; a—p(r,tqs)
opr do

of points of the plates, the angles of emergence of the plates from the joint @, = +(® — £.(0)), the
moments M. = +D_,&".(0) and the normal components of the forces F.. = -D.E"/(0) (the primes denote
derivatives with respect to the r coordinate). It follows from the uniqueness theorem (Appendix) that
the nature of the relationships between these quantities in contact conditions (1.7) must not contradict

the overall requirement

U,+U_20 (Uy = D, Im(E,(0)EY(0) — &, (0)EX(0))) (1.8)

which arises from the energy conservation law (the bar denotes complex conjugation). Moreover, for
any pair of parameters @, and ¢, having the meaning of angles of incidence, the following relation must
be satisfied

(91, 92)+J_(9,,9,)=0 1.9)
(J2(01,92) = Do (M4 (9, 92) — M2 (9,,9,))
(e (x,y) =E.(0, X)EXT0, ) - EL(0, x)EL(0,y))

which imposes one more constraint on the relation between the limit values of the parameters
characterizing the plate joining conditions (here, for convenience, the corresponding value of the angle
of incidence ¢y is indicated as the second argument of the functions &.(r, ¢g)). Condition (1.9) is a
consequence of the reciprocity principle (see the Appendix).

It is obvious that the correct formulation of the problem of diffraction by the corner joints of thin
elastic plates must imply that the contact conditions (1.7) are formulated appropriately and should not
contradict the general relations (1.8) and (1.9). It can be shown by direct substitution that the type of
contact conditions most often encountered, namely

£:(0)=0, §&,(0)=0 (rigid clamping) (1.10)
£,(0)=0, M, =0 (hinged joint) (1.11)
M,=0, F, =0 (free edge) (1.12)

£.(00=0, @, ,-d_=20, D,EL(0)=D_E"(0) (rigid joint) (1.13)

convert relations (1.8) and (1.9) into identities. Hence, the use of any of these guarantees that the
corresponding boundary-contact problem has only one solution, and this solution does not contradict
the reciprocity principle.

2. CONVERSION TO FUNCTIONAL EQUATIONS
We will construct the solution of the problem in the form of a Sommerfeld integral [9]

p(r,@)= 5% | exp(—ikrcosa)S(o: + @)do. (2.1)
Y

which, as can be shown by direct substitution, is a particular solution of the Helmholtz equation (1.2)
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for an arbitrary choice of the function S(a)—the transformant of the Sommerfeld integral. The contour
of integration y consists of two symmetrical loops .. in the complex plane a (Fig. 2), the ends of which
are arranged such that integral (2.1) converges. It is assumed that there is not a single singularity of
the function S(a + ¢) inside the loop Y. when | ¢ | < ®. It must be emphasized that the possibility of
representing the required solution by integral (2.1) can be justified for a wide range of diffraction
problems, which, in the final analysis, arises from the equivalence of the Malyuzhinets integral
transformation and the Laplace transformation [17].

The transformant S(a) will be sought in the class of meromorphic functions, having a single simple
pole with unit residue in the band Iy = {a: | Re a.| < @} at the point o = @y and which satisfies the
condition | S(a + @) — S( ) | = 0 uniformly with respect to ¢ as Im o0 — oo which ensures the
separation of the specified incident wave (1.1) as r — + < and the satisfaction of conditions (1.5) on
the edge, respectively. Note that, using the transformation S(c) — S(o) + const, under which the
Sommerfeld integrals are invariant, by an appropriate choice of the constant one can always endeavour
to satisfy the relation

S(+ ios) = —S§(—iso) 22)

which will also be assumed below.

Substituting integral (2.1) into the boundary conditions (1.3) we obtain a system of two integral
identities

| exp(-ikrcosa)Ly(a)S(at D)da=0, O<r<+oo (23)
Y

in which the functions L .(a) = L.(—k cos o, —ik sin a) can naturally be called the symbols of the
boundary operator; using (1.4) they can be written in the form

L, (o) = *iksino(k* cos* a—%3)+ v, (2.4)

As we know [9, 17], the necessary and sufficient condition for integrals (2.3) to vanish is that the odd
part of the integrand should be equal to a certain trigonometric polynomial

N.
L. (0)S(a £ ®) - L, (—0)S(-a £ d) = 2sina 3 CF cos™ ot (25)

n=|
with arbitrary coefficients Cj;, which are independent of o (by making the replacement of variable g =
—ik cos o this assertion can be reduced to the generalized Liouville theorem). The orders of the
polynomials N, are determined by the behaviour of the required solution and the symbols of the
boundary operators as Im o — «o; hence, in the case considered we must have N. < 5. From the
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equations of system (2.5) as Im a — o it follows that, without loss of generality, the constants C5
can be equated to zero, since they are proportional to the sum of the limit values of S(+ice) + S(—ieo),
equal to zero by virtue of the normalization condition (2.2). Thus, the satisfaction of boundary conditions
(1.3) by integral (2.1) has been reduced to a system of two functional difference equations (2.5), in which
the right-hand side may contain eight arbitrary constants C% (n = 1, 2, 3, 4).

3. SOLUTION OF THE FUNCTIONAL EQUATIONS

To solve the functional equations (2.5) we will use a method which was proposed and used for the
first time in [10] when considering the diffraction by a wedge with impedance boundaries. The method
consists of converting the initial system with variable coefficients to a system with constant coefficients
by making the replacement

S(a) =Y(a)S (o) 3.1)

where S;(a) is a new unknown function, while the function ¥(cr) is an auxiliary function and is chosen
as a certain particular solution of system (2.5) with zero right-hand side. Then, for S;(c) the problem
reduces to a system of inhomogeneous functional equations with constant coefficients

o 2sinad oy ael
Jfe(o) LYz d) nZIC cos" ' o

The equations for the function ¥(o) can also be reduced to a system with constant coefficients if we
introduce its logarithmic derivative Y(a)) = ¥'(o)/¥(ar)
Ri(a) L, (¥o)

R, (Q) = = ~—=mnee 33

R@ T Lew ¢3)

It can be verified that the functions R..(o) are identical with the reflection coefficients when a plane
wave, incident at a glancing angle q, is reflected from an infinite plate [18]. Hence, the numbers a =
Fa5, where o are the zeros of the symbols of the boundary operators, have the meaning of the Brewster
angles (generally speaking complex) for plates which form boundary surfaces: the reflection coefficient
of a plane wave incident on them at these angles is zero. It can be seen from (2.4) that the functions
L , (o) may be written as trigonometric polynomials of the fifth degree in sin o, and hence in the complex
plane a all the roots of these functions can be expressed in terms of five roots, which lie in any strip of
width n. We will c]hoose the strip | Re o | < /2 as this strip, while the roots which belong to it will be
denoted by o = For(n=1,2,...,5). Itis obvious that the numbers 87, can be found using the relations
05 = arcsin B3, Re 05 € (= n/2 1:/2) where B3, are the roots of the characterlstlc equations

Y(atd)+Y(~atd)=+ 2"

5_Hpd - =1— _’f_:_t_4 =2t
B> -2B" +a,B+ib, =0 |a,=1 ) b, P 34

The solution of system (3.3), which has no zeros and no poles in the strip I, is constructed in explicit
form using a Fourier transformation of the function Y{a), which leads to the algebraic problem of
determining its transformants. As a result, the following representation can be obtained for the auxiliary
function

Y(o) =Y, (a)¥_(cx) (3.9)

n=l

1
5 ¥
Y. (o)=T] {\y@(aicb+§—sf9f)w¢(ai—§+sfef)}

s¥ =sign(Re®%), n=1,2,..,5

where yg(r) is a special Malyuzhinets function {10], for which, when deriving (3.5), the following integral
representation was used in [19]
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1 * ch(ot)-1
= —= dt
Vol®) exP{ 2 ) Tehtnri 2 o) }
The function yg(ct) has no zeros or poles in the strip | Re a j< n /2 + 2P, and hence expression
(3.5) is in fact a function which possesses a similar property in the strip IT. The fact that the function
¥(a) satisfies the homogeneous system (3.5) can also be shown by direct substitution if we write the
following expansion for the system coefficients

5
Ly(o)=%ik’T] (sinatsin@})

n=l|

and we take into account the properties of the Malyuzhinets function [10]

The form of (3.5) depends on the arrangement of the numbers 07 in the complex plane, more
accurately on the signs of their real parts. Hence, we need to consider thc arrangement of the roots of
Eq. (3.4) in the complex plane B. Analysis shows that for real coefficients its roots lie symmetrically
about the imaginary axis, and it has one and only one purely imaginary root with a negative imaginary
part. For example, for a thin steel plate in water, the roots of the equation are situated approximately
at the points of intersection of a circle of radius | B | = | b.. | 15 with rays emerging from the point p =
0 and making angles with the negative part of the imaginary axis that are multiples of 2r/5 (Fig. 3). For
other combinations of the plate and acoustic medium parameters (for example, steel and air) the
approximate expression for the roots and their arrangement in the complex plane may be different,
but for the theory developed here it is only 1mportant that two roots of the characteristic equation (3.4)
(m the notation employed these are the roots 3,) should have a negatlvc real part, and the roots
B3 s should have a positive real part. For the real coefficients of the equation the sign of the real part
of the numbers is indefinite since they are pure imaginary. Henceforth, when constructing the
solution of the system of functional equations (2.5), it will be more convenient to assume that the num-
bers B nevertheless have a certain small, but non-zero, positive real part. This will be the case, for
example, if we make the coefficients b, complex: b, = | b, |exp(i arg b.), where 0 < argb, < 1.In
the final formulae we can revert to pure real coefﬁcwnts by letting arg | b, tend to Zero.

With these assumptions, for the parameters s% in (3.5) we obtain s% = (-1 (n = 1, 2,..., 5),
which completely defines the form and properties of the function ¥(a). In particular, as Im o —) oo,
in view of the asymptotic properties of the Malyuzhinets function for large and complex arguments [10,
20]

1 n I (o A
Yelo)= W\vo(g)exp(—l Esngn(lm a))(l +o())

we have

Fig. 3.
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--_]- 4 E -] i :l
‘P(a)..4\y¢(2]exp( iposign(Ima))(1+o(1)), W 20 (36)

We will now construct the function S;(a). The general solution of system (3.2) must be constructed
from the particular solution of the inhomogeneous system and, possibly, the general solution of the

corresponding homogeneous equations [21]. The particular solution of the inhomogeneous problem,
analytic in the strip Iy, is found using a Fourier transformation as

A(e) = A (0)+ A_(a) (3.7)

—t Tl E
A=t _L tg( P (a+Bt¢))fi(B)dB

The integrals A (o) converge absolutely, since, in view of estimate (3.6), the functions f. (B) decrease
more rapidly than exp(—tf Im B {) as Im B — = e. As Im o — =* oo the function is described by the
asymptotic formula

A(o) = iz%exp(tip.a) r exp(iuB)(£, (B) + £_(B)dB(1+ o(1)) (3.8)

- foo

which can be obtained if in the integrands of the integrals A.(a) we replace the tangent function by
the two leading terms of its expansion as Im o0 — + oo and take into account the fact that the functions
f+(B) are odd. The function A(cx) can be continued into the exterior of the strip I, either directly, using
the integral formula (3.7), or using the functional equations

A0 @) - A(-o £ D) = £, (1) (3.9)

which follow from (3.2).

The function A(o) has no poles in the strip ITy, which follows from the convergence of the integrals
A, (o) in this strip. Hence, in order to obtain a pole in the solution at the point o = @, we introduce
into consideration the meromorphic function

p COS(WPO) (310)
sin(po) — sin(UQ, )

o0, @) =

which has unit residue at the point o = @y and at the same time is a solution of the homogeneous system
(3.2) (this can be proved directly). The function

o(0, Qp)
S =——22" L A(0 3.11
 (Q) ¥(9,) (o) (3.11)

will then be a solution of system (3.2) with the required singularity when a = @.

It follows from (3.8) and (3.10) that as Im o — o the function S,(c) decreases as O(exp(— Im a |)),
which, taking into account the asymptotic form (3.6), ensures that the product ¥(ct)S»(ct) is bounded
in the neighbourhood of an infinitely distant point in the complex plane o. On the other hand, by
construction, the function ¥(a)S,(c) has only a single pole inside the strip I, situated at the point o
= (g, and has a residue equal to unity. Hence, by substituting the function §,() into (3.1) as the function
S1(c) we obtain the required solution of the system of functional equations (2.5), possessing the required
analytic properties.

The homogeneous equations (3.2) also have other solutions which differ from the function o(c, @),
which can be divided into two types—meromorphic and integer (the latter are simply linear combinations
of cosines cos(un(a—-®)) (n =0, 1, 2, .. .)) [21]. The solution of the homogeneous system (3.2) remains
its solution after adding or subtracting the solutions of the homogeneous equations, and also after
multiplying or dividing by these solutions. However, its analytic properties are then changed: poles either
appear or disappear and the behaviour in the neighbourhood of an infinitely distant point becomes
different. It can be shown that one cannot supplement the function S(cr) with any other solutions of
the homogeneous e¢quations either additively or multiplicatively without disturbing its decrease as Im o
— o0 or without introducing into the strip I, poles that do not correspond to the postulated conditions.
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Thus, the expression
S(a) = Y(a)S,(o) (3.12)

gives the required solution of the functional equations in the most general form (the function ‘I’(a) is
defined by (3.5) while Sy(o) is defined by (3.11)). It contains eight undetermined constants C*, (n =
1, 2, 3, 4). For arbitrary values of these constants, integral (2.1) with transformant (3.12) is a solutlon
of the Helmholtz equation (1.2) everywhere inside the angular region | ¢ | < ®, satisfies the boundary
conditions (1.3) and (1.4) on its sides, separates the incident wave (1.1) (in the “illuminated” part of
the space | ¢ — ¢y | < m), and is also a bounded and continuous function at the point r = 0. For the
value of the sound pressure on the rib, as a simple consequence of the asymptotic forms (3.6) and (3.8)
and the Malyuzhinets formula [22]

lirr(x)(r, Q) = iFy(S(ice) — §(—ioo}) (313)

we can write the accurate representation

. = pyt [T Hoos(uge) 1t
lim(r, ) a,%( 2)[ e | eXP(tuB)(f+(B)+f(B))dl3]

which is mdependent of the direction in which the observation point tends to the corner point.
The constants C5 in the general solution are found from the remaining conditions: the conditions
at infinity (1.6) and the contact conditions (1.7).

4. THE POLES OF THE TRANSFORMANT AND
THE CONDITIONS AT INFINITY

We will consider the behaviour of integral (2.1) as7 — +ee. By continuous deformation the contours
Y. can be converted into two parallel contours I'(+x), passing along the lines Re o0 = +7 in the complex
plane a (Fig. 2). By choosing these contours such that they are shifted slightly (as small as desired) into
regions where the condition Im cos o < 0 is satisfied (shown hatched), we obtain integrals which tend
to zero as r — +e= since their integrands tend to zero at all points of the integration contours I'(£7).
During the deformation the poles of the function S(a + @) may intersect, if they fall inside the regions
bounded above and below by the contours v., and on the right and left by the contours I'(+x). If among
these there are poles which are situated in the unhatched parts of the region indicated, then in the
estimate of integral (2.1) terms that increase exponentially asr — +oo appear as residues in these poles,
which leads to a violation of the condition at infinity (1.6). Hence, only those poles of the transformant
S(cr) which are situated in the strip IT = {a:: | Re o |=< & + ®} can affect the satisfaction of the condition
at infinity. Those which lead to the occurrence of terms which increase as » — +co must be eliminated
from the solution found (these poles will henceforth be called “forbidden” poles).

We will now consider the poles of expression (3.12). The poles of the function o(ct, gy) (see formula
(3.10)) form two families

. j=0,:1,%2,.. _
20—y +4jo’ T OELE2 4.1)

{(po +4jd
o; =

The position of the poles of these families in the complex plane depends on the value of the angle
of incidence ¢y, and among these there is a pole o = @, corresponding to the incident wave (1.1). The
residue in this and the remaining poles of the families (4.1) contain no constants C*, and make the
contributions

W(a;)cos(hgy)

F(0o)cos(hcr) exp(—ikrcos(o; — ©)) 4.2)

pi(r@)="h

These contributions are identical both in phase and amplitude with plane waves reflected from the
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sides of the region (the amplitude factor in (4.2) can be converted to reflection coefficients or their
products in the case of multiple rereflections, which may occur in narrow angular regions ® < /2, using
the well-known functional properties of Malyuzhinets functions in exactly the same way as was done
for impedance boundary conditions in [16]). Hence, all the poles of the function o(c, @g) turn out to
be permissible; being incident in the strip IT they lead to separation of the residues which describe the
waves of geometrical acoustics when estimating the integral (2.1) far from the line along which the plates
are joined.
We will write the functions ¥.(a) in (3.5) as

Wi (o)W (o)

Y, (0) = ¥ (o) —: .
* @ Wi (o) Wi (o)

(43)
Yra)=y 0(+<1)+£+(—1)"(‘)i y (:L+<;b—£—(—l)"9i
q (] - ) q [ - ) q

It follows from (3.5) and (4.3) that the poles of the function ¥(a) coincide with the poles of the
functions ¥* g(a)wheng = 1, 3,5, and with their zeros when g = 2, 4. As we know [10], the Malyuzhinets
function \yq,(a) when o = xay,,, where O, = t(2m -1)/2 + 20(2n-1) (n,m = 1,2, 3, .. ), has zeros
if m is odd and has poles if m is even. Hence, the poles of the function ¥(cr) can be found from the
relations

-O-1/2+%8; ta

nm

1 for g=1,3,5, m=2,4,6,...
-O+m/2-%8; ta,, X=

, -1 for ¢=2,4, m=13,5,...
O-n/2+X0, 200 p=123,... (44)
P+n/2-%6, ta

o=

nm

Before analysing the arrangement of the poles of the function () in the complex plane, we will
show that the function A(a), which is given by (3.7) and occurs in the expression for the transformant
(3.12) in terms of the function S,(c), introduces no new poles into the solution, and all the singularities
of the function S(ct) are exhausted by the poles of the functions o(et, ¢p) and ¥(a).

In order to show this we will compare the analytical properties of the functions ¥(a) and Q(ar) = W(a)A(c).
By construction (see Section 3) these functions are analytic in the strip I and, correspondingly, having no poles
in this strip, are solutions of the functional equations

Ly (0)¥(a 2 ®) - L, (-0)¥(-a £ D) =0 (4.5)

4
L ()Q(0 2 ®) - Ly (~0)Q(—a £ ®) = 2sina ¥, Cx cos" ' a

n=1

(the coefficients L, (o) are described by (2.4)). The functions ‘¥(ar), Q(a) are continued into the exterior of the
strip Iy by means of relations (4.5). For example, in the strip IT) = {a: ® < Re o. < 3®} these functions can be
found from the formulae

L. (—o-d)
W 2¢ == = "7 —_ y
(a+29) L0+ Y(=a), oaell,
____]___ ey — _ . 4 + n-1
Q(a+2d>)-L+(a+¢)(L+( o —D)Q( ct)+2sm(a+d>)n§] C, cos (a+d>))

Both in this and the other case the poles of both functions in the strip IT; coincide with the zero of the same function
L, (o + ). We can similarly compare the singularities of the functions ¥(c), (c) in any other strip in the complex
plane o and show that their poles coincide (although the residues in these poles may be different). Hence it follows
that, despite the fact that the function A(c) is meromorphic (this can be shown, for example, using its integral
representation (3.7), by continuing it into the exterior of the strip Ily), each pole necessarily coincides with some
of the zeros of the function (o) and, as a result, the function A(c) introduces no new poles different from (4.4)
into the product P(a)A(cr) and correspondingly into the function S(cx).
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We will determine which of the poles of the function ¥(o:) can fall within the strip IT. We first note
that the poles corresponding m = 3 in (4.4) lie outside this strip, an d hence the analysis can be confined
to the cases m = 1, 2. It can further be shown that when g = 1, 3, 5 not one of the poles of family (4. 4)
falls within IT, which is due to the presence of a positive real part in the numbers 0 As a result, it
turns out that only poles of family (4.4) correspondmg tog=24andm = 1canbe s1tuated inside the
strip considered. The number of poles in IT depends on the aperture of the angular region ®, which
determines the shift between poles with different values of #: the smaller the value of the parameter
@ the closer the poles to one another and the greater the number of them that can lie inside I1.

Bearing in mind the signs of the imaginary parts Im 03 < 0, Im 8% > 0 (see Section 3), it can be
shown that of all the poles situated in the strip I, the forbidden poles, i.e. those the residues of which
lead to an increase in the solution as r — +e- and to a violation of the condition at infinity (1.6), will
be the poles which belong to one of the families listed below

0, +n+d+4nd, p=i -0, -n-®—-4nd, p=5
of = -0; —n—-30-4nd, p=2 o = 0; +n+30+4n®, p=6 4.6)
P -0} + o+ 4nd, p=3 " 0, —®~4nd, p=1

0; —3d - 4nd, p=4 -0, +30+4nd, p=8
n=0,1,2,..,N

p

(the number of poles in a famﬂy with number p is equal to N, + 1 and depends on the particular values
of the parameters ® and Re 87 ). The residues of integral (5 1) in the remaining poles of the transfor-
mant S(c) from the strip IT tend to zero as r — +<o and do not violate the conditions at infinity.

In order to formulate the conditions which ensure the required behaviour of the solution asr — +eo,
we will first consider a simpler case when the aperture angle between the plates satisfies the inequality
@ > 7/2. There can then be eight poles inside the strip IT, namely

a=d-6;, O+n+6,, -O-n-6, -0+6,, g¢=24
of which the following four will be forbidden
a= a{()’ a:{o, a{(ﬁ a;o (4.7)

In order to ensure the correct behaviour of the solution as r — +oo we need to equate the residues
of the function S(a) in the poles (4.7) to zero. Since these poles are poles of the function ¥(a), the
corresponding conditions can be written as the conditions for the function S,(a), which is the factor
after (o) in the general solution (3.12), to vanish, which, using (3.11), gives

O(cth0. 90)/ (o) + A0)g) =0, p=13,57 (4.8)

It can be seen that conditions (4.8) have the form of linear algebraic equatlons in the unknown
constants C; (n = 1, 2, 3, 4). In the complete system of eight equations, which is constructed in this
mvestlgatlon and which can be conveniently written in matrix form

EC:g (4.9)
C=((.G3,CG3,CLLC 61,6, C), g=(81,820185)"
E\, E, E, E, E, E, E; Ej,

E= E;l E;2 E;} E2+4 E;I E;2 E2—'4 E2-4

B\ Eyp Ey Ey Ey Ey Ey Ey
the first four rows of system (4.9) correspond to conditions (4.8). For the first four elements of the vector

&, by (4.8) we obtain

8y ==0(0},9)/ ¥(g), p=1,2,3,4
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of =afy, of =aj, of =afy, of = oy

The elements of the first four rows of matrix E are derived from representation (3.7); here one must
take into account that the poles afpo lie outside the strip Iy, and for the function A (o) it is necessary
to use expressions obtained by analytical continuation into the corresponding parts of the complex plane
o.. In addition, when writing the final formulae we can remove the auxiliary assumption that a small
positive imaginary part is present in the coefficients b, in the characteristic equations (3.4), which was
made from considerations of convenience when constructing the general solution of the problem (see
Section 3). When taking the limit as arg b, — 0 the poles of the integrands in integrals (3.7), related
to the zeros of the functions L. (B) at the points B = ¥073, reach the integration contour, which leads
to the occurrence of additional semiresidue terms. The following formulae can then be obtained for
the elements of the first four rows of the matrix E

R e
E, =0/ (r+63)+ X ctg(%(n +6; +6; )) + é}- | ctg(%(n +63 — B))Q,,*(ﬁ)dﬂ

—joo

£ = ;e S e e -0 | LT g B cvos - Jor e

—foo

By =07 @)+ X; gl b o7 -0 )- LT g R o1+ Jor e (4.10)

£, =5 07400 -5 T o Beor o) Jor e

R R R T I LAY Y

-foo

=

E;, =—0; (R+6;)+ X; ctg(5<n+er+e;>)+§i{i" ctg(%(me; +B>)Q;<B>dﬁ

Ef, =-X! tg(—'Li(e+ +6; )) r T tg(ﬁ(—e‘ + ﬁ))Q*(B)dB

G IR 2T ) TR, 2 e "

- 0 (-07)+ X ctg Lo —07) )4 == T ctel Loz +) |o-
Ery =05 (00 + X; ctg L@ o)+ 2 2 crg £ -05 +) Jor 1B

2sin Bcos™ ' B +_ M sin@; cos"~! 0f

+
= ] Xn = 1)
%@ L. B¥(Bx®) 2 LiF6))Y(FE! £ D)

n=1, 2, 3, 4

All the integrals in (4.10) are taken in the sense of the principal value at the points B = 07 which
lie on the integration contour. These integrals converge absolutely as B — *ice, since the function ()
has the estimate (3.6) as Im o — *co. The matrix E acquires certain symmetry properties if the plates
which form the angle are the same. Then L, (o) = L_(—0), 8%, = 07, ¥(w), Qh(-B) = Q0 .(B), X}, =
-X,,, which leads to the relations

E, +Ei =0, Ej,+E, =0, n=1,2, 3 4

We will now consider the case when the aperture angle of the region satisfies the condition ® < m/2.
Then additional poles, which differ from those described by (4.7), appear in integral (2.1) inside the
unhatched half-strip (Fig. 2); they all belong to the families (4.6). It is important, however, that this
should not lead to additional conditions imposed on the residues of the transformant at these poles.
It can be shown that if the constants C are chosen from conditions (4.8), this will automatically ensure
that the residues of the function S(cc) will also vanish at those additional poles which occur inside the
unhatched parts of the complex plane o on changing from the case ® > w/2 to the case ® < =/2.
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For example, sup /4 < & < n/2. Then, in addition to the poles (4.7) two more poles become forbidden:
at the point o = ofy and o = ofyy. However, it turns out that at these points the functions from (3.11) take the
same values as at the points o = of and o, = oy, namely

oy, 99)=0(afy, 9g), o(aly, 9o)=0(aly, ©o)

Ay =Aay),  Aady) = Awdy)

which ensures that the residues S(c) at the poles oy and ofg are zero if the residues at the poles oy and oy,
respectively, are equal to zero. Note that the equalities for the function o (¢, ) arise from the elementary properties
of trigonometric functions, while the equalities for the function A(o) arise from the well-known properties of the
Malyuzhinets function and the functional equations (3.9), which it satisfies.

We will calculate, for example, the value of the function A(c) at the point & = oy = 3® — 67, By making the
replacement a — o + 2P in the first of Egs (3.9), we obtain the expression

AC+3D)= f (0 +2D)+ A(-0.—D)
which, using the second equation of the same system, can be written as
A(d+3D) = f (0 +2D) - f_(a) + A(a~D)
The substitution a = —87, taking into account the fact that the function f_(a) is odd, and also the identity
f.(2d-03)=0

which follows from the fact that one of the Malyuzhinets functions in the function ¥73(3® — 67) vanishes (see
representation (4.3)), leads to the formula

Aady) = £(83)+A(~0; - ®)

where the right-hand side is,;none other than A(0f), by virtue of the second equation of system (3.9). In a similar
way we can derive the second of the above relations for the function A(o).

We can similarly verify that the solution of the problem in which the constants C, are chosen using the four
conditions (4.8), remains correct not only when 1/4 < & < 7/2 but also when /6 < ® < /4. There is obviously no
need to check this property again later since it reflects the analytical nature of the dependence of the solution of
the diffraction boundary-value problem on the parameter ®: the solution obtained for a certain non-zero range of
values of this parameter (here /2 < ® < x) can be continued analytically into the whole remaining range of values
of this parameter. From the physical point of view, the fact that the residues are equal to zero at all the remaining
poles (4.6) merely denotes that these residues describe all possible rereflections with respect to the sides of the corner
region of the space considered of a certain four fundamental wave processes, corresponding to the residues of the
poles (4.7). Since these, the last ones, are not excited, by virtue of conditions (4.8), their rerefiections are correspond-
ingly also not excited (as regards rereflections inside corner regions with impedance boundary conditions see [16]).

Thus, the conditions at infinity (1.6) can be satisfied using the four conditions (4.8), which are imposed
on the eight constants C7, (n = 1,2, 3, 4), contained in the general solution of the problem. The remaining
four conditions required for a unique determination of all the constants must be obtained from the
contact conditions (1.7).

5. SATISFACTION OF THE CONTACT CONDITIONS

Using the general solution given in Section 3, we will calculate the values of the physical parameters
€. (0), ®., M., F. occurring in the contact conditions (1.7), which will subsequently expressed in terms
of the limiting values of the quantities

" [L 2, s0) m=0,1,23 as r—>0
dar" \ r 9¢

Differentiating integral (2.1) we.obtain, after changing to integration along the contour vy,

A1) ™
r'"(r a(p(r’ _(b))_ 27 Fox (5-1)
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X | exp(—ikrcosa)sincos™ a(S(a = D)+ S(—a+ P))da, m=0, 1, 2, 3
T+

The limiting values of these integrals as r — 0 are governed by the behaviour of the integrand at the
ends of the integration contour as Im o0 — +c< (see formula (3.13)).

In order to estimate this behaviour, we will use the functional equations (2.5), which the function
S(cv) satisfies, and we will write

S(ait¢)+5(—ai-¢)=S(ai-(b)(1+ Li(“)] 2sinax_

CE cos"™! )
Lew) Lias e @ (52)

As Im a — +eo, the symbols of the boundary operators have the estimates

1 i
=¥ 3
Li(a) k”sinocos™ o

(1+ O(exp(—4 Im))) (5.3)

Hence 1 + L, (o)/L.(-0) = O(exp(-5 Im o)), and the first term on the right-hand side of (5.2) makes
no contribution to the limiting values of integrals (5.1), since, in view of the fact that the function S(c)
is bounded as Im ¢ = o and is analytic inside the loop y,, when integrating this term the contour y,
can be contracted to a point. Simplifying the integrand in the remaining term using (5.3), we can obtain

im 4" (1 2, sq)|-s R p ): Cr lim Ly (1, m=0, 1, 2, 3 (54)
r—0 dr'" ’ a(p Ttk 0 mn =Y, L, > B
2mi(—ikr)* "™ < min<4
_ n+m-5 i, = -
lm,,(r)—yj+ exp(—ikrcos ot)sin ol cos odo = { (4=n-m)! men=5

(the integrals I,,,,(7) are evaluated by making the replacement of variable ¢ = cos o and using the theorem
of residues). Taking the limit in (5.4) we obtain

dﬂl
lim
r—0 dr

(1 2 (r, +q>)j F2(-i)"k"4Cy_ By, m=0,1, 2, 3

Hence, each of the constants C; has a clear physical meaning

2.4

wpk w’pk’
cr=-=Ft.0, =5 " —EL(0)

28,

2.2 2
C%z:tg)_e.k_.Mi’ Cliz (Dpk F:t’

2D, P, 2iD, P,

defining the values of the displacements, the angles of emergence, the moments of the forces and the
forces on the edges of the plates.

These relations show that the contact conditions (1.7) reduce to linear algebraic equations in the
constants C5, (n = 1, 2, 3,4) and in general can be written as the four lower rows of the matrix equatlon
(4. 9). For example for conditions (1. 10)—(1 13) we can obtain C3 3= 0,Cs= 0 (I‘lgld clampmg) Ci=
0, Cs = 0 (a hinged joint), CT = 0, C5 = 0 (free ends), and D,C3 = D_G;, C5 = —C3, C% = 0 (a rigid
Jomt) Hence, for these methods of fastening the edges of the plates to one another, the contact
conditions can be reduced to very simple equations for the constants C7. Using these equations we
can eliminate the four unknown constants, and system (4. 9) can be reduced to a system of four linear
algebraic equations in the remaining four constants C,. The matrix elements in this system can be written
in terms of integrals (4.10), which can be obtained numencally and in some cases analytically.

After determining all the constants C7, the integral formula (2.1) with the transformant (3.12) gives
the required solution of the problem, which will be unique for the specified incident wave (1.1), the
chosen model of the plates (1.4) and the method by which they are fastened, fixed in the contact



236 A. V. Osipov

conditions (1.7). For the contact conditions, without contradicting relation (1.9), this solution must satisfy
the reciprocity relation (in the sense of symmetry with respect to the angles of incidence @ and
observation ¢ of the wave pattern scattered at the junction).

We would expect the above solution to be an effective method in investigations of the diffraction
and scattering of sound waves by shells of complex shape, situated in an acoustic medium, since it requires
solutions of a linear algebraic system of no higher than the eighth order, contains only the well-known
special functions yg(0) (the Malyuzhinets functions, see, for example, [10, 20]), and can be written in
the form of a Sommerfeld integral, for which methods of investigation have been developed both in
the near field (kr < 1) [23], and in the far field (kr > 1) [10, 11, 16, 17, 24].

6. APPENDIX

The uniqueness conditions. We will show that the diffraction problem formulated in Section 1, has a unique solution
when 0 < arg k < n/2 for real values of the plate parameters, if condition (1.8) is satisfied. We will assume in the
derivation that all the derivatives of the required solution encountered in the boundary conditions and the Helmholtz
equation have meaning.

We will assume that the problem has one more solution p,(r, ¢), which satisfies the same conditions as the function
p(r, ). The function u(r, @) = p(r, ¢) - pi(r, ¢) must then satisfy the Helmholtz equation (1.2), the boundary
conditions (1.3) and (1.4), the conditions on the rib (1.5), and the contact conditions (1.7), and must tend to zero
asr — + oo, since the fields of geometrical acoustics for the functions p(r, @) and p;(r, ¢) must obviously be identical.
‘We multiply the Helmholtz equation for the function u (r, ) by the complex-conjugate function u (r, p) and integrate
the expression obtained over the plane bounded region Sz, the boundary of which Cg; consists of sections which
pass along these actual boundary surfaces ¢ = +® and the arc of circles of small radius € and large radius R with
centre at the point r = 0. Using Green’s formula and separating the imaginary part in the result, we obtain the
relation

R®
mk? [ [ u(r, @) rdrdg+Im § 7(r, 9)2%(r, @)dt=0 (6.1)
e~ Cer on

where d/dn denotes the operation of differentiation along the direction of the outward normal to the region Sgg,
which dt is an element of length of the contour C.z. In (6.1) we can take the limits as € — 0, R — +oo, since the
function u (r, @) satisfies the conditions on the rib and at infinity uniformly with respect to the angular coordinate
¢. The limiting relatlon contains contour integrals only along real boundaries ¢ = £®, 0 < r < +oo, where we can
write 3/n = +r7120/09; now introducing the normal components of the displacement vectors of points on the plates

1 ou
=7 —(r, +® .
+(r) +m2pr a(p(r ) 6.2)

we obtain

Imk2 toot 2
j _[ lu(r, @) rdrdp =1Im j @(r, @K, (r)+ulr, ®E_(r))dr (63)

Using the boundary conditions we express the functions u (r, £®) in terms of the corresponding displacements
&y
u(r, @)= —Di[;?—— %3 ]Et(r)
we substitute these relations into (6.3) and carry out integration by parts twice. This gives the equation

1 k2 +oo+d
o j j lu(r, @) rdrdp+U, +U_ =0 (6.4)

(D

in which the terms U.. outside the integrals are defined by the expressions in parentheses in (1.8). If the kinematic
and dynamic plate contact conditions at the point » = 0 are such that inequality (1.8) is satisfied, it follows from
(6.4) that the function u (7, ¢) can only be identically zero everywhere in the region, which also proves the uniqueness
of the solution of the diffraction problem in question.

The reciprocity relation. Suppose G (r, rg) is Green’s function of the problem formulated in Section 1, i.e. the
function which is a solution of the inhomogeneous Helmholtz equation with the delta-function 8(r — ry) on the
right-hand side, and satisfies the boundary conditions (1.3) and (1.4), the conditions on the rib (1.5), the contact
conditions (1.7), and also tends to zero at infinity if Im k > 0. The reciprocity property of the solution of the
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diffraction problem is usually taken to mean symmetry of Green’s function with respect to a permutation of its
arguments—the coordinates of the source and of the observation point

G (l'], l‘2) =G (l‘z, l'|) (6.5)

where r; and r; are two arbitrary points of the region.
We will choose two functions v(r, ¢) = G(r, r;) and w(r, ¢) = G(r, r;) and apply to them the second Green’s
formula

| wAw-wav)rdrde= | (u v _ wa—u)dt (6.6)
Ca\ On n

Ser

in which the form of the region Sz and its boundaries C.5 were described above when deriving the uniqueness
condition. Taking the Helmholtz equation into account, which the functions v(r, ¢) and w(r, @) satisfy, and also
the conditions on the edge and an infinity, we obtain from (6.6)

ol w3 d
G(ry, 1)-G(ry, r2)=1++1_[1_=i({ [ %-wi)hm,%] (6.7)

Relation (6.5) will obviously be satisfied if the expression on the right-hand side of (6.7) is equal to zero. Using
the boundary conditions, which the functions v(r, @) and w(r, @) satisfy when ¢ = +®, and integrating by parts,
the integrals I, can be reduced to the form

.
Iy == lim (Ve W™ VIWS+ VW, = VW)

1 dv 1 ow
Ve== ZL(r, + ), == 2+
(i " a(p(r D), W, p a(P(r (D))

and we then change from Green’s functions v(r, @), w(r, @) to the solutions for plane waves by taking the limit

. G(r, @, 1y ©)
(r, @, )= lim 4fj————FT—m Th"
pir, 9, @, e H(()l)(krm)

m=1, 2,

where H(.IJ) (kr,,) is the Hankel function. Hence the reciprocity relation leads to a condition which the solutions of
the problem of plane-wave diffraction must satisfy for arbitrary values of the angles of incidence ¢; and ;. By
changing to the components of the displacement vector (6.2) we obtain (1.9).

REFERENCES

1. MALYUZHINETS, G. D., The exact solution of the problem of the diffraction of plane sound waves by a semi-infinite elastic
plate. In Proceedings of the Fourth All-Union Acoustics Conference. Izd. Akad. Nauk SSSR, Moscow, 1958.
MALYUZHINETS, G. D., Diffraction of sound and surface waves propagating along a semi-infinite elastic plate. Trudy Akust.
Inst., 1971, 15, 80-96.
MALYUZHINETS, G. D. and TUZHILIN, A. A, Diffraction of a plane sound wave by a thin semi-infinite elastic plate.
Zh Viychisl. Mat. Mat. Fiz., 1970, 10, 5, 1210-1227.
LAMB, G. L., Diffraction of a plane sound wave by a semi-infinite thin elastic plate.J. Acoust. Soc. Amer., 1959, 31, 7, 929-935.
. KOUZOV, D. P, Diffraction of a plane hydroacoustic wave at the boundary of two elastic plates. Prikl Mat. Mekh., 1963,
27, 3, 541-546.
. BELINSKII, B. P, KOUZOV, D. P. and CHELTSOVA, V. D,, Diffraction of acoustic waves by plates joined at a right angle.
Prikl. Mat. Mekh., 1973, 37, 2, 291-299.
7. VESHEYV, V. A. and KOUZOV, D. P, The effect of the medium on the vibration of plates joined at a right angle. Akust. Zh.,
1977, 23, 3, 268-377.
8. VESHEYV, V. A. and KOUZOV, D. P, Flexural vibrations of T-shaped joined plates in contact with a liquid. Akust. Zh., 1980,
26, 3, 347-355.
9. MALYUZHINETS, G. D., An inversion formula for the Sommerfeld integral. Dokl. Akad. Nauk SSSR., 1958, 118, 6,
1099-1102.
10. MALYUZHINETS, G. D., Excitation, reflection and radiation of surface waves by a wedge with specified impedance faces.
Dokl. Akad. Nauk SSSR., 1958, 121, 3, 436-439.
11. TUZHILIN, A. A,, Diffraction of a plane sound wave in a corner region, the faces of which are absolutely rigid and slippery
and covered with thin elastic plates. Diff. Urav., 1973, 9, 10, 1875-1888.
12. OSIPOV, A. V,, Two-dimensional problems of diffraction by a wedge with high-order boundary conditions. Vestnik St-Pb.
Univ. Ser. 4. Fiz.,, Khim., 1993, 4, 81-85.
13. OSIPOV, A. V,, General solution for a class of diffraction problems. J. Phys. A.: Math. Gen., 1994, 27, 2, 1L.27-132.
14. OSIPOV, A. V, On formulation of the high-order boundary conditions for stratified media. Proc. 3rd Int. Cong. Air- and
Structure-born Sound and Vibration, Montreal, Canada, 1994, Vol. 3, 1635-1642.

e woN

(=)



238 A. V. Osipov

15.
16.

17.
18.
19.
20.
21,
22,
23.

24,

SHENDEROYV, Ye. L., Radiation and Scattering of Sound. Sudostroyeniye, Leningrad, 1989.

OSIPOV, A. V., The asymptotic representation of an acoustic field in a narrow angular region with impedance boundaries.
Akust. Zh., 1990, 36, 516-522.

OSIPOV, A. V,, The Malyuzhinets transformation and the Sommerfeld integrals method in the theory of the diffraction of
waves in corner regions. In Problems of Wave Diffraction and Propagation. St Petersburg, 1993, 25, 148-173.
BREKHOVSKIKH, L. M., Waves in Multilayered Media. Nauka, Moscow, 1973.

ZAVADSKII, V. Yu., Calculation of Wave Fields in Open Regions and Waveguides. Nauka, Moscow, 1972.

OSIPOV, A. V., Calculation of Wave Fields in Open Regions and Waveguides. Nauka, Moscow, 1972.

TUZHILIN, A. A., Theory of functional Malyuzhinets equations. I. Diff Urav., 1970, 36, 1, 116-121.

MALYUGHINETZ, G. D., Das Sommerfeldsche Integral und die Losung von Beugungsaufgaben in Winkelgebieten. Ann.
Phys., 1960, 6, 107-112.

OSIPOV, A. V., Diffraction of a plane wave in a corer region with impedance boundary conditions. Akust. Zh., 1991, 37,
4, 733-740. _

OSIPOV, A. V., A uniform asymptotic formula for calculating the acoustic ficld in the region of the surface of an impedance
wedge. Akust. Zh., 1990, 2, 332-337.

Translated by R.C.G.



